We study the instability of near extremal and extremal four-dimensional AdS charged hairy black hole to radial neutral massive and charged massless scalar field perturbations. We solve the scalar field equation by using the improved asymptotic iteration method and the time domain analysis and we find the quasinormal frequencies. For the charged scalar perturbations, we find the superradiance condition by computing the reflection coefficient in the low-frequency limit and we show that in the superradiance regime, which depends on the scalar hair charge, all modes of radial charged massless perturbations are unstable, indicating that the charged hairy black hole is superradiantly unstable. On the other hand, calculating the quasinormal frequencies of radial neutral scalar perturbations in this background, we found stability of the charged hairy black hole.
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I. INTRODUCTION
In Gravity theories the stability of black holes has been a central issue and it has been studied for a long time starting from the pioneering work by Regge and Wheeler [1] . It has been found that most of black holes are stable under various types of perturbations. An effective way to study the stability of black holes is to calculate the quasinormal modes (QNMs) and their quasinormal frequencies (QNFs) [2] [3] [4] [5] . The QNMs and QNFs give information about the stability of matter fields that evolve perturbatively in the exterior region of a black hole without backreacting on the metric but they carry the information of the black hole because they depend only on their parameters (mass, charge and angular momentum) and the fundamental constants (Newton constant and cosmological constant) of their spacetime, just like the parameters that define the test field. The QNFs have been calculated by means of numerical and analytical techniques. Some well known numerical methods are: the Mashhoon method, Chandrasekhar-Detweiler method, WKB method, Frobenius method, method of continued fractions, Nollert asymptotic iteration method (AIM) and improved AIM, among others (for reviews on QNMs and their QNFs see [6, 7] ).
Extensive study of QNMs of black holes in asymptotically flat spacetimes have been performed for the last few decades mainly due to the potential astrophysical interest. Considering the case when the black hole is immersed in an expanding universe, the QNMs of black holes in de Sitter space have also been investigated [8, 9] . The holographic understanding of various system using the AdS/CFT correspondence has triggered recently the study of QNMs in anti-de Sitter (AdS) spacetimes. The first study of the QNMs in AdS spaces was performed in [10] . Subsequently, in [11] it was suggested a numerical method to calculate the QNFs directly and made a systematic investigation of QNMs for scalar perturbation on the background of Schwarzschild-AdS black holes. Later the numerical method of [11] was generalized to the study of QNMs of Reissner-Nordström-AdS black holes in [12] . Also this method was also generalized and extended using the time domain analysis approach [13] .
The application of gauge/gravity duality to condense matter systems put forward the necessity to study the behaviour of scalar fields just outside the black hole horizon [14, 15] . The simplest understanding of this application is the holographic superconductor [16] . According to the duality principle, a scalar field minimally coupled to gravity, below a critical temperature condenses outside the black hole horizon, destabilizing the black hole spacetime, and the black hole acquires scalar hair. This mechanism also works if the scalar field is not minimally coupled to gravity [17] . Another interesting application of the gauge/gravity duality is to look on condensed matter systems at criticality where quantum properties of these systems at zero temperature can be studied [18] . The gravity part of these systems is described by an extremal charged black hole in anti-de Sitter spacetime [19] . The metric of the extremal black hole has interesting properties. In the near horizon limit when the temperature goes to zero the horizon geometry is given by AdS 2 × R 2 . In connection to holographic superconductors the near horizon geometry of an extremal black hole was studied in [20] .
The above discussion suggests that it is important to study the stability of charged AdS black holes in the presence of scalar hair as the temperature approaches zero. This requires the calculation of the QNMs and QNFs of near extremal and extremal black holes in AdS spacetimes. However, the method developed in [11] breaks down for large values of the charge of the Reissner-Nordström-AdS black holes [12, 13, 21, 22] . Therefore, for large black holes to calculate the QNMs and QNFs of extremal black holes we have to use other methods, like the time domain analysis.
Going to zero temperature at the extremal limit we have also to deal with the applicability of the known methods. In most of the methods calculating the QNMs, a perturbative expansion around the even horizon of the black hole was used. However, the event horizon of an extremal black hole is an irregular singular point of the perturbation equation. Therefore, unlike the case of non-extremal black holes, one does not expect a non-zero radius of convergence of the associated power series around the event horizon. A solution to this problem was proposed in [23] in which an expansion was carried out around an ordinary point of the differential equation. More recently in [24] , the modified version of the continued fraction method of [23] was used and the QNMs of charged massless perturbations around an extremal Reissner-Nordström black hole and of neutral massless perturbations around an extremal Kerr black hole were calculated.
The behaviour of matter fields near the horizon of a charged black hole at the zero temperature limit was studied in [25] . To evade the no-hair theorems and have a healthy behaviour of the scalar field, regular on the horizon and fall off sufficiently fast at large distances, a profile for the scalar field was introduced and a fully backreacted solution of the Einstein-Maxwell-scalar system was found. Also, in [26] charged hairy black holes in non-linear electrodynamics were found. Exact solutions of this system without the electromagnetic field were found in [27] . Hairy black holes and their stability were also studied in [28] .
In this work, we study the instability of a near extremal and extremal four-dimensional charged hairy black hole in AdS spacetime using the solution found in [25] . In this background we consider a scalar wave minimally coupled to gravity. Then, studying the radial neutral massive and charged massless scalar wave perturbations, we obtain numerically the QNFs of these perturbations. To solve the scalar field equation we use the improved AIM [29] , which is an improved version of the method proposed in [30, 31] and it has been applied successfully in the context of QNMs for different black hole geometries (see for instance [29, [32] [33] [34] [35] [36] [37] [38] [39] [40] [41] ). To obtain the QNFs of the extremal hairy black hole we use the time domain analysis.
For charged scalar perturbations we calculate the superradiance condition by computing the reflection coefficient in the low-frequency limit. We show that the Bekenstein superradiance condition [42] is modified incorporating the information of the presence of scalar hair in the theory. We find that there is a critical value q c of the charge of the scalar field above which all the modes of radial charged massless perturbations are unstable, which is related to the charge of the scalar hair, and we show that in this regime the superradiance condition is satisfied, therefore the charged hairy black hole is superradiantly unstable. By calculating the QNFs of radial neutral massless scalar perturbations we find stability, as expected.
The work is organized as follows. In Section II we give a brief review of the four-dimensional charged hairy black hole found in [25] . In Section III we calculate the QNFs of scalar perturbations numerically, by using the improved AIM method in Section III 1 and the time domain analysis in Section III 2. In Section IV we study the superradiant effect calculating the superradiance condition. Finally, our conclusions are in Section V.
II. FOUR-DIMENSIONAL CHARGED HAIRY BLACK HOLE
In this section we will review the charged hairy black hole solution discussed in [25] . This is a solution of a theory that consists of a scalar field minimally coupled to curvature having a self-interacting potential V (φ), in the presence of an electromagnetic field. The Einstein-Hilbert action with a negative cosmological constant Λ = −6l −2 /κ, where l is the length of the AdS space, which it has been incorporated in the potential as Λ = V (0) (V (0) < 0), reads
where κ = 8πG N , with G N the Newton constant. The resulting Einstein equations from the above action are
where the energy momentum tensors T (φ) µν and T
(F )
µν for the scalar and electromagnetic fields are
If we use Eqs. (2.2) and (2.3) we obtain the equivalent equation
We consider the following metric ansatz
where dσ 2 is the metric of the spatial 2-section, which can have positive, negative or zero curvature, and A µ = (A t (r), 0, 0, 0) the scalar potential of the electromagnetic field.
A particular profile of the scalar field was considered in [25] φ (r) = 1 6) where ν is the scalar charge, a parameter controlling the behaviour of the scalar field and it has the dimension of length and then the following analytical solution was found
The metric function f (r) is
where k = −1, 0, 1 parameterizes the curvature of the transverse 2-section and C 1 , C 2 are integration constants being proportional to the cosmological constant and to the mass respectively, and the potential is given by
where V (0) = Λ ef f as expected and also
We see from the above relation that the parameter ν of the scalar field introduces a length scale connected with the presence of the scalar field in the theory. Besides, we know that
where m is the scalar field mass. Therefore, we obtain that the scalar field mass is given by 12) which satisfies the Breitenlohner-Friedman bound that ensures the perturbative stability of the AdS spacetime [43] . One may wander if in the limit of Λ ef f → 0 and ν → 0 we recover the Reissner-Nordström (RN) black hole. Indeed from (2.8) if we fix the constant C 1 to C 1 = − 4k ν 2 the function f (r) can be written as 13) and in the limit ν → 0 we recover the RN black hole
It was shown, that in the case of Λ ef f = 0 at all temperature the RN black hole solution is thermodynamically preferred over the charged hairy black hole solution. In the case of Λ ef f = 0 the charged hairy black hole is thermodynamically preferred over the RN black hole at low temperature. This picture is in agreement with the findings of the application of the AdS/CFT correspondence to condensed matter systems. In these systems there is a critical temperature below which the system undergoes a phase transition to a hairy black hole configuration at low temperature. This corresponds in the boundary field theory to the formation of a condensation of the scalar field [16, 44] . On the other hand, classically, it was shown that there are bounded orbits like planetary orbits in this background. Also, the periods associated to circular orbits are modified by the presence of the scalar hair. Besides, some classical tests such as perihelion precession, deflection of light and gravitational time delay have the standard value of general relativity plus a correction term coming from the cosmological constant and the scalar hair. Furthermore, it is possible to find a specific value of the parameter associated to the scalar hair, in order to explain the discrepancy between the theory and the observations, for the perihelion precession of Mercury and light deflection [45] . Now, we make the following redefinitions
Then the potential becomes
while the metric function is
The scalar field is 18) and the electric potential becomes
With this redefinition the solution has one integration constant ν (the electric charge is not independent) and the self interaction potential has three parameters, the cosmological constant Λ and two coupling constants α 1 and α 2 .
III. SCALAR PERTURBATIONS
The QNMs of charged scalar perturbations in the background of the metric (2.17) are given by the scalar field solution of the Klein-Gordon equation
with suitable boundary conditions for a black hole geometry. In the above expression m is the mass and q is the electric charge of the scalar field ϕ. In the following we will focus our attention to spherical transverse section (k = 1). Now, by means of the following ansatz
the Klein-Gordon equation reduces to
where we have defined −κ 2 = − ( + 1), with = 0, 1, 2, ..., which represents the eigenvalue of the Laplacian on the two-sphere. Now, defining the radial function R(r) as 4) and by using the tortoise coordinate r * given by
the Klein-Gordon equation can be written as a one-dimensional Schrödinger equation
with an effective potential V ef f (r), which is parametrically written as V ef f (r * ) and it is given by
For neutral scalar field q = 0, the effective potential is real and diverges at spatial infinity. In Fig. 1 we plot the lapsus function and in Fig. 2 the potential, where we have considered a spherical transverse section (k = 1), massive scalar fields with m = 0.1, α 1 = 1, α 2 = 2 Λ = −0.1, κ = 0, and ν = 3.5, 3.0, 2.512, for ν ≈ 2.5119365 ≈ 2.512 the black hole is extremal and then we choose different values of ν in order to consider near extremal black holes. The event horizon for the extremal black hole is localized at r + ≈ 2.0921064 ≈ 2.09. In order to know about the stability of scalar fields in the background of a black hole, we follow a general argument given in Ref. [11] . So, by defining 8) and inserting this expression in the Schrodinger like equation (3.6) yields
Then, multiplying Eq. (3.9) by ψ * and performing integrations by parts, and additionally using the Dirichlet boundary condition for the scalar field at spatial infinity, one can obtain the following expression
In general, the QNFs are complex, where the real part represents the oscillation frequency and the imaginary part describes the rate at which this oscillation is damped, with the stability of the scalar field being guaranteed if the imaginary part is negative. Notice that the sign outside the horizon of the expression
t , which appears inside the integral of the above equation, is crucial for stability. For the neutral scalar perturbations the effective potential (3.7) is positive outside the horizon and then the left hand side of (3.10) is strictly positive, which demand that Im(ω) < 0, and then we conclude that the stability of the neutral scalar field under perturbations respecting Dirichlet boundary conditions is obeyed. For charged scalar field, the integral can yield a negative value, therefore the stability is not guaranteed in this case.
In the following we will compute numerically the QNFs by using the improved AIM for hairy black hole. However, as we discussed in the introduction the improved AIM breaks down when we approach the extremal limit. Therefore, we will use the time domain analysis to compute numerically the QNFs in this limit.
Calculation of QNFs using the improved AIM
Now, in order to implement the improved AIM (we give a brief review of the improved AIM in the Appendix) we perform the change of variable y = 1 − r+ r . So, the Klein-Gordon equation reads
In this equation the functions f (y), a(y) and A t (y) refers to the functions f (r), a(r) and A t (r) evaluated at r = r+ 1−y , and we will study the behaviour of the above equation at the horizon and at spatial infinite. At the event horizon y = 0, the Eq. (3.11) can be written as
where we have considered the Taylor expansion of the lapse function around the event horizon f (y) ≈ f (0)y + O(y 2 ). Then, the solution is given by
which it can be written in terms of the tortoise coordinate r * , and near the horizon is given by r * = r+ f (0) ln y, as
So, by imposing as a boundary condition that only ingoing waves exist on the event horizon, we must set C 1 = 0. Therefore, the solution near the horizon is given by
On the other hand, at spatial infinity, the Klein-Gordon equation becomes
whose solution is
where
Λ . So, imposing the Dirichlet boundary condition; that is, having a null scalar field at spatial infinity, we must set D 2 = 0. Therefore, in order to implement the above boundary conditions in the improved AIM, we must redefine the radial function R(y) in terms of a new function, say χ(y), in the following form
Then, by inserting the above expression for R(y) in Eq. (3.11), we obtain the following homogeneous linear secondorder differential equation for the function χ(y)
We solve this equation numerically and we choose different values for the parameter ν such that the difference between the roots of the lapsus function ∆r = r + − r − decreases. Then, in Table I we show the fundamental QNFs for neutral massive scalar fields in the background of a hairy black hole with κ = 0, α 1 = 1, α 2 = 2, k = 1 and different values of m and ν and we plot these values in Fig. 3 . Furthermore, we observe that in all the cases analyzed the QNFs have an imaginary part that is negative. So, we conclude that the radial massive neutral scalar field perturbations are stable in the hairy black hole background and the system is always overdamped, that is, the QNFs have no real part so there is no oscillatory behaviour in the perturbations, only exponential decay.
Also, for all cases analyzed, when we approach to the extremal limit (ν ≈ 2.512), the absolute value of imaginary part decreases, see Fig. 3 , which means that the damping time τ = 1/ω I , where ω I is the imaginary part of QNFs, is increasing. This result is interesting because it may have applications to the thermalization process of a quarkgluon plasma according to the gauge/gravity duality. The recent theoretical and experimental developments indicate that the quark-gluon plasma produced at Relativistic Hadron Ion Collider is a strongly interacting liquid and the produced plasma locally isotropizes over a time scale of τ iso < 1f m c . The dynamics of such isotropization in a far-fromequilibrium non-Abelian plasma cannot be described with the standard methods of field theory or hydrodynamics. Then it was proposed in [46, 47] that such a thermalization can be studied via its gravity dual identifying τ with the thermalization time.
Besides, when the mass of the scalar field increases the absolute value of imaginary part increases and consequently the relaxation time decreases. It is worth mentioning, that in Table I , we were able to compute the QNFs until ∆r ≈ 0.3, for smaller values is difficult to find the QNFs by using the improved AIM. However, in the next section we will reach smaller values of ∆r for the near extremal black hole and the extremal black hole by using the time domain analysis.
On the other hand, for κ = 0, α 1 = 1, α 2 = 2, Λ = −0.1, m = 0, k = 1 and radial massless charged scalar perturbations we give the fundamental QNFs in Table II and Table III for various values of q and ν and we plot in the complex plane some of these values in Fig. 4 . We observe that the QNFs present a real and imaginary part for massless charged scalar perturbations. Also, for most of cases analyzed, when we approach to the extremal case, the value of real part decreases. Besides, we observe that as the charge q is increasing more QNFs with positive imaginary part appear indicating an instability of the near extremal hairy black hole under radial massless charged perturbations. This behaviour can be seen clearly in Fig. 4 . In the next section we will show that these instabilities are due to the superradiant effect.
Furthermore, in Table IV we obtain the relation between q and ν for which the QNFs are purely real, for κ = 0, α 1 = 1, α 2 = 2, Λ = −0.1, m = 0, k = 1, and in Fig. 5 we depict the values of Table IV, i.e. q as a function of ν. We observe that for values of q above the curve, the modes are unstable, while for values of q below the curve, the modes are stable. Note that the values of q, ν and ω given in Table IV satisfy the condition ω = q √ α 1 ν log(1 + ν/r + ), which is closely related to the superradiance condition ω < q √ α 1 ν log(1 + ν/r + ) that we will obtain in the next section, and we will show that all the unstable modes are superradiant, while the stable modes are not superradiant. Additionally, the curve in Fig. 5 shows that for a fixed value of q there is a limited value of ν, such that above this limit the modes are stable and under this value the modes are unstable triggering the superradiance instability. Besides, for a fixed value of ν there is a maximum value of q such that under this value the modes are stable and over this value the modes are unstable triggering the superradiance instability. 
Calculation of QNFs using the time domain analysis
In this section we will apply a time evolution approach [48] in order to compute the QNFs for the near extremal and the extremal hairy black hole, due to the failure of applicability of the improved AIM when we consider the extremal limit. It is worth mentioning that the QNFs for the extremal BTZ black hole cannot be obtained as limits of nonextremal BTZ black holes [49] , and the imaginary part of the frequencies is zero (non-dissipative modes). However, this behaviour can be explained because the change of variables in order to find an hypergeometric differential equation for the radial equation for the BTZ black hole, is not well defined when the two horizons coincide. In our case, the change of variables that we will perform is well defined for the extremal case. So, first it is convenient to express the metric in terms of the ingoing Eddington-Finkelstein coordinate v = t + r * [50, 51]
The electromagnetic potential can be written as 24) and considering the following ansatz for the scalar field
the Klein-Gordon equation (3.1), for a massless scalar field, yields
Performing the change of variable z = 2r+ r − 1, the above equation becomes
In the new coordinate the horizon is located at z = 1 and the spatial infinity at z = −1. Now, in order to solve the above differential equation we use the pseudospectral Chebyshev method, see for instance [52, 53] . The solution for the scalar field at any time is assumed to be a finite linear combination of the Chebyshev polynomials, with time dependent coefficients. Then, the solution is discretized at the Chebyshev collocation points, and the approximate solution is forced to satisfy the equation only at the Chebyshev collocation points. Futhermore, the exact derivatives are replaced by derivatives of interpolating polynomials at the Chebyshev points. To integrate the system of differential equations in the time direction, we use the fourth order Runge-Kutta method. As initial condition for the scalar field we consider a Gaussian wave packet. Additionally, we set the boundary condition at spatial infinity as φ(v, z = −1) = 0. In Fig. 6 we show the evolution of massless scalar field in time, we plot the logarithm of the absolute value of φ(v, r 0 ) vs v, for r 0 outside the horizon, and we can observe that the behaviour showed in the figures agrees with the results showed in Tables II and III . In fact, we can see that for ν = 5.5, 5 the amplitude of the scalar field decreases in time which agrees with the results of the Tables because the imaginary part of the fundamental QNFs are negative in these cases. On the other hand, for ν = 4.53, 2.7, 2.511936559 the amplitude of the scalar field grows in time and the Tables show that the imaginary part of the QNFs are positive, which is due to a superradiant instability as we will show in the next section. Besides, In Fig. 7 , we show the evolution of massless scalar field in time in the background of a extremal black hole, for κ = 0, α 1 = 1, α 2 = 2, Λ = −0.1, ν = 2.511936559, k = 1 and different values of q. We can observe that the amplitude of the scalar field grows in time, although, for smaller values of the q, the scalar field grows more slowly than for large values of q, which also will be showed be due to a superradiant instability. Now, we use the time profile data obtained from the time domain integration to calculate the predominant QNF using the Prony method, which fits the profile data using a superposition of damping exponents, [51, 54, 55] , in the following form
In the above equation, we have considered that the quasinormal ringing epoch starts at v = v 0 and ends at v = v 0 + N h, where h denotes the step size in the time direction and the integer N ≥ 2p − 1. Formula (3.28) is valid for each value from the profile data so, one obtain a set of equations
The Prony method allows to find z i in terms of known x n and so, obtain the QNFs, which are given by the formula
In Table V we show some fundamental QNFs obtained by applying the Prony method to the time profile data, for q = 1.2, κ = 0, α 1 = 1, α 2 = 2, Λ = −0.1, m = 0, k = 1 and different values of ν. We see that the values are in good agreement with the values obtained from the improved AIM. The QNFs coincide up to four decimals with respect to the improved AIM for the parameters considered. However with the time profile analysis we were able to obtain the QNFs for the near extremal and extremal black hole. Also, in Table VI we have calculated QNFs for a nearly extremal black hole (ν = 2.512) and in Table VII for the extremal black hole (ν = 2.511936559), for κ = 0, α 1 = 1, α 2 = 2, Λ = −0.1, k = 1, and different values of q. Note that for the nearly extremal black hole ∆r = 0.02 and for the extremal black hole ∆r = 1.5 · 10 −8 . We observe that the scalar perturbations on the extremal black holes are always unstable, due to the imaginary part of the QNFs which is positive, as Table VII shows. For q = 0 we see that the value of the QNF is approximately zero, and by increasing the number of collocation points from 50 to 90, we obtain ω = 4 · 10 −6 in this case which shows a convergence to zero as expected, see Fig. 8 . Also, for q = 1 and 90 collocation points we obtain ω = 1.36584 + 0.01065i which is in good agreement with the value shown in Table VII . It is worth to mention that the values of Table VII agree with the observed in Fig. 7 , that we have discussed previously. Now having the QNFs from the time domain analysis we can improve the behaviour of the Fig. 4 that we have showed in the improved AIM section. So, in Fig. 9 we plot the behavior of ω in the complex plane, by considering the transition from a hairy black hole to the extremal hairy black hole, and we can observe as the QNFs converge to the QNFs for the extremal case and that for some cases, when the QNFs have a positive imaginary part, the imaginary part present a maximum value and then decay, while that in other cases, for small values of the charge q, the imaginary part of the QNFs always increases. 
IV. SUPERRADIANT EFFECT
In this Section we will study the superrandiant effect of a radial massive charged scalar field of the form (3.2) scattered off the horizon of the charged hairy black hole (2.17) . In a pioneering work Bekenstein showed [42] that if the condition
is satisfied, where q is the charge coupling constant of the field and Φ is the electric potential of the charged black hole, then the superradiant scattering of charged scalar field results in the extraction of Coulomb energy and electric charge from the charged black hole. Then, this amplification of charged massive fields by charged black holes leads to an instability of the Reissner-Nordström spacetime. This charged radiation extracted from the event horizon of the black hole has to traverse a nontrivial, curved spacetime geometry before it eventually reaches asymptotic infinity. This radiation procedure if it takes place in an AdS space works as a potential barrier for the radiation, giving a deviation from the blackbody radiation spectrum and this deviation is measure by the greybody factor. To be able to measure this energy we have to trap these scattered waves in a cavity which usually is created by an effective potential outside the black hole horizon and then from the absorption and scattering cross sections of these waves compute their corresponding coefficients (for a recent review on superradiance see [56] ).
To find the conditions for superradiance ampplification of scatter wave we will compute the greybody factor and the reflection coefficients. Then if the greybody factor is negative or the reflection coefficients is greater than 1 [57] then the scalar waves can be superradiantly amplified by black hole. Following [58] we will split the spacetime in three regions and we will consider the low frequency limit, that is ω + qA t (r + ) << T H and (ω + qA t (r + ))r + << 1, and by simplicity we consider = 0.
• Region I: The region near the event horizon, defined by r ≈ r + and V ef f (r) ≈ −2qωA
2 . In the first region, the solution to the radial equation is given by equation (3.14) , that can be rewritten as
which slightly away the horizon yields • Region II: The intermediate region, between the horizon region and the asymptotic region. This region is defined by V ef f (r)| q=0 >> (ω + qA t ) 2 .
In this case the radial equation (3.3) reduces to
whose solution is given by
So, for r ≈ r + we obtain
Matching this solution with the solution of region I, we obtain
On the other hand, for r >> r +
which will be matched with asymptotic behaviour.
• Region III: The asymptotic region. This region is defined by r >> r + .
In this case, for our purposes it is enough to take into account just the leading term in the asymptotic behaviour of the effective potential, which is given by In this way, the solution of the radial equation in the asymptotic region is
Then, matching the solution of region II, for r >> r + , with the solution of region III yields
Now, we will compute the fluxes, that are given by the following expression
So, at the horizon we have
and at infinity by
In order to characterize the fluxes at the asymptotic region, is convenient to split up the coefficients C 1 and C 2 in terms of the incoming and outgoing coefficients,Ĉ 2 andĈ 1 , respectively. We define C 1 =Ĉ 1 +Ĉ 2 and C 2 = i(Ĉ 2 −Ĉ 1 ). Therefore, the asymptotic incoming and outgoing fluxes are given by
Then, the reflection coefficient and the greybody factor [58] [59] [60] [61] [62] [63] [64] [65] yields
Finally, it is possible to find the superradiant condition from the reflection coefficient or from the greybody factor. So the reflection coefficient is greater than 1 or alternatively the greybody factor is negative if ω + qA t (r + ) < 0 or
Note that this condition because the parameter of the scalar field ν is related to the charge Q of the black hole (relation (2.15)), modifies the Bekenstein's superradiance condition (4.1) introducing the information of the presence of the scalar hair. The analysis was performed for the non-extremal case; however, the same condition (4.22) still holds for the extremal black hole. Then the comparison of the real part of the dominant modes, that we have found in the previous section, with the superradiant condition of charged scalar fields [66] [67] [68] [69] [70] [71] [72] suggests that all the unstable modes are superradiant unstable and consequently the scalar waves can be superradiantly amplified by the black hole.
V. CONCLUSIONS
We have studied the QNFs of radial scalar field perturbations of near extremal and extremal four-dimensional charged hairy black holes in AdS spacetime. First, we have studied the case of hairy black hole by using the improved AIM and we have found the fundamental QNFs for radial neutral scalar field perturbations. In this case, for all cases analyzed, we have showed that the system is overdamped, that is the QNFs have no real part so there is no oscillatory behaviour in the perturbations, only exponential decay. Moreover, the imaginary part of the QNFs is negative, which guarantees the stability of the propagation of massive neutral scalar fields in such background. However, when the distance between the two roots of the lapsus function decreases, it is more difficult to find the QNFs by using the improved AIM. So, in order to obtain the QNFs for the near extremal and extremal black hole, we have applied the time domain analysis. In general, for the cases analyzed, we have showed that the QNFs of the near extremal black hole converge to the QNFs for the extremal black hole.
When we considered the propagation of massless charged scalar fields we have found that the QNFs present real and imaginary parts, even in some cases the imaginary part is positive, which indicates that the propagation of charged massless scalar fields is unstable. Then, we have studied the superradiance effect calculating the superradiant condition. We have found that the superrandiat condition depends on ν, the charge of the scalar field that backreacts on the geometry, giving hair to the charged black hole. The presence of ν in the superradiant condition, which is proportional to Q the charge of the hairy black hole, modifies in a non-trivial way the Bekenstein's superradiance condition. We have also found that the critical value of the charged scalar perturbations q c giving unstable modes, is related to the charge of the scalar hair ν and there is a maximum value of ν which can trigger the supperrandiant instability. Finally, we have found that all the unstable modes are superradiant and all the stable modes are not superradiant, satisfying the superradiant condition, and consequently the radial scalar waves can be superradiantly amplified by black hole by extracting charged of the black hole which indicates that the black hole is unstable.
It is worth mentioning that it would be interesting to analyze the superradiant instability of this hairy black hole for charged massive scalar field with non vanishing angular momentum, due to the fact that in some cases the instability is sensitive to the parity of the orbital quantum number (for instance see [68] ), which we left for a future work.
Then, expanding the λ n and s n in a Taylor series around some point η, at which the improved AIM is performed, yields
where the c 
In this manner, the authors of the improved AIM have avoided the derivatives that contain the AIM in [29, 36] , and the quantization condition, which is equivalent to imposing a termination to the number of iterations, is given by 
